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2. Birch’s law and equation-of-state parameters

Birch [4, 5] in 1961 observed that the velocity of
compressional waves V_ in minerals and rocks depends
essentially on density in a linear fashion for sub-
stances with similar mean atomic weight. He made
this important observation on the basis of his system-
atic investigation [5, 6] of the behavior of compres-
sional wave velocities in minerals and rocks at high
pressure. Birch [4] then concluded that the velocity
V;, in isotropic aggregates of oxides and silicates is
mainly a function of density and mean atomic weight
and that the variation of density for substances with
the same mean atomic weight reflects structural and
compositional differences. This is known today as
Birch’s law for the velocity-density-mean atomic
weight relation. McQueen et al. [7] observed for simi-
lar materials that the bulk sound velocity ¥, fre-
quently called the “hydrodynamical velocity ™, is pro-
portional to density. Wang [8] also observed the lin-
ear variation of the bulk sound velocity with density
in compressed periclase. Based on velocity measure-
ments of shear waves V; in minerals and rocks, Sim-
mons [9] observed that the shear wave velocity also is
a linear function of density, although a few excep-
tions to the above were noted by Simmons.[9]. These
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Fig. 1. Velocity of compressional waves-density-mean atomic

weight relation for olivine and the olivine-transformed spinels

in the (MgxFej_y) ,Si04 system. The olivine data are from

refs. [3, 10] and the olivine-transformed spinel data are esti-
mated values.

observations essentially support Birch’s law, and they
have important implications in geophysics since they
enable one to estimate velocities of elastic waves in
solid phases that are as yet unmeasured.

The velocities of compressional and bulk waves in
olivines with different Fe/(Mg + Fe) ratios are plotted
in figs. 1 and 2, respectively, as a function of density.
The data on these velocities are from recent work of
this author, and they are based on a systematic mea-
surement of the velocity of both compressional and
shear waves in synthetic olivine polycrystals [3, 10].
Under pressure, the density of an olivine with a spe-
cific (Fe/Mg) ratio would increase through a gradual
decrease in mean atomic volume, while the velocity
of elastic waves will increase in the manner illustrated
in fig. 3. The path indicated by the dashed line would
be the actual velocity-density trajectory as the olivine
is compressed. Olivine transforms into a spinel struc-
ture at high pressure; this phase change is accompa-
nied by a density increase of 10 to 12%. Knowing the
end-point density of the olivine-transformed spinel,
we can estimate its velocity in the manner illustrated
in fig. 3. Thus, as noted before [3, 10], the velocity
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Fig. 2. Bulk sound velocity-density-mean atomic weight rela-
tion for olivines and the olivine-transformed spinels in the

(MgxFej_x) ,Si04 system. The olivine data are from [3, 10]
and the olivine-transformed spinel data are estimated values.
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Fig. 3. The density-velocity relation for a solid undergoing
the first-order phase change.

after interpolation to zero pressure would be repre-
sented by an intercept of two lines drawn from den-
sity and mean atomic weight as shown in figs.1 and 2.
In table 1 these estimated velocities for the olivine-
transformed spinels in the Mg, SiO,—Fe,Si04 system
are listed. In their recent publication, Mizutani et al.
[11] reported that they have successfully prepared a
fayalite-transformed spinel sample and measured the
compressional velocity of 8.0 (+0. 1) km/sec at am-
bient conditions. This value is about 21% greater than
the compressional velocity measured in fayalite sam-
ples as noted in ref. [10]. The compressional velocity
of 8.0 km/sec [11] is in remarkable agreement with
8.05 km/sec, a V, value found by the intercept of the
two lines drawn For the density and the mean atomic
weight [3, 10]; thus, again, Birch’s law is seen to be
confirmed.

The bulk modulus also changes with phase change.
Since the adiabatic bulk modulus K is related to den-
sity p and the bulk sound velocity V by

— 2
K = pV, (1)
K, can be evaluated. The K| values thus found for the

olivine-transformed spinels are listed in the 8th col-
umn of table 1 and compared in fig. 4 with the respec-

Fig. 4. Bulk modules of olivines and the olivine-transformed

spinels in the (MgxFe]_x) 28104 system. The olivine data

points are from [3, 10] and the olivine-transformed spinel

data points are estimated values. The datum point (%) is from

isothermal compression data in ref. [12] found by a curve-fit-

ting procedure using the Birch equation of state with the as-
sumption that (9K/ap) = 4.

tive K values in the olivine structure. Values of the
bulk modulus show about a 45% increase for
—Mg,SiOy (spinel) and 61% increase for the
Fe,Si04—spinel from their respective bulk modulus
values in the olivine phase.

These estimated K values may be compared with
literature data on isothermal bulk modulus values re-
ported by Mao et al. [12], after appropriate correc-
tion for adiabatic to isothermal modulus is made. Mao
et al.[12] presented values of the isothermal bulk mo-
dulus K (found by a curve-fitting procedure using the
Birch equation of state with the assumption that
(0K/dp)y = 4) for three olivine-transformed spinels
from their measurements of volume change with pres-
sure. Their results [12] are 2.12 (20.10), 1.96 (0.10),
and 2.08 (+0.10) Mb for the isothermal bulk modulus
of Fe,Si04—spinel, (Mg, ;Feg 9) ,8i04—spinel, and
(Mg ,Fe g) ,Si0 4—spinel, respectively. These values
of K reported by Mao et al. [12] compare favorably
with 1.96, 1.95, and 1.94 Mb, respectively, calculated
from eq. (1) for spinels of the same compositions.




